Debate on the stochastic behaviour of stock market returns, 3-month Treasury Bills rate, lending rate and their cointegrating residuals remains unsettled. This study examines the stochastic properties of the macroeconomic variables, stock market returns and their cointegrating residuals using an Autoregressive Fractionally Integrated Moving Average (ARFIMA) model. It also investigates Granger causality between the two measures of interest rate and stock market returns. The study uses monthly data from 1 st January 1993 to 31 st December 2015. The results indicate that the 3-month Treasury Bills rate, lending rate and stock market returns are fractionally integrated which implies that shocks to the variables persist but eventually disappear. The results also reveal that the cointegrating residuals are fractionally integrated which suggests that a new and harmful long-run equilibrium might be established when each of the measures of interest rate is driven away from stock market returns. Additionally, the results indicate that the 3-month Treasury Bills rate and lending rate negatively Granger cause stock market returns in the long run. This suggests that stocks and Treasury Bills are competing investment assets. On the other hand, ARFIMA-based Granger causality reveals that stock market returns lead the 3-month Treasury Bills rate and lending rate with a negative sign in the short run. This implies that a prosperous stock market results into a favorable macroeconomic environment. A key contribution of this study is that it is the first to empirically examine fractional cointegration and ARFIMA-based Granger Causality between interest rate and stock market returns in Kenya.
Introduction
Stock market returns provide useful signals regarding the future state of the economy, including the economic and financial status (Hamrita & Trifi, 2011) . Specifically, stock market returns drive the allocation of resources across sectors of the economy. Their stochastic behaviour also provides information concerning market expectations and risk attitudes of investors in the market. Additionally, even though macroeconomists, financial economists and actors in the financial market use stock market indices to understand trends in the economy, describe stock markets and compare returns on specific investments (Hautcoeur, 2011) , stock market returns are more preferred because they provide traders and investors with a scale-free summary of the ever rapid inflow of information into the stock market (Lo, Campbell, & Mackinlay, 1997) . Equally, given their more attractive statistical properties (Lo et al., 1997) , stock market returns are useful to policymakers, researchers and stock market participants keen on making various forecasts, developing regulatory rules, constructing portfolio strategies or determining implications of policy. On the whole, understanding the trends of stock market returns is critical to evaluating the events in the financial market and monitoring the evolution of the economy. Nonetheless, stock market returns are systematically influenced by various types of information which arrives randomly to the stock market. A key type of such influential information is news regarding the evolution of interest rate (Chen, Roll, & Ross, 1986; Gupta & Modise, 2013) .
Interest rate, in the form of a risk free rate, plays a significant role in investment practice in that it is considered as a rate of return on an investment which has an assured or nearly assured payoff. Consequently, investors use the risk free-rate such as the Treasury Bills rate as a reference rate when making investment decisions on the valuation of stocks. Furthermore, since the required rate of return comprises a risk free rate and a risk premium (Sharpe, 1964; Lintner, 1965) , an increase in the Treasury Bills rate should translate into a corresponding increase in the required rate of return and, by extension, to a rise in stock market returns. However, since the Treasury Bills commonly compete with stocks as an investment vehicle, investors are likely to reallocate more of their funds to the Treasury Bills and less to stocks following a rise in the Treasury Bills rates. This is because the Treasury Bills are relatively safer since they have an assured payoff from the government.
Furthermore, firms listed at a stock market have an option of obtaining long term financing by issuing additional shares (equity financing) or taking loans from commercial banks (debt financing). However, firms often seek to minimize the cost of funds and maximize existing shareholders' wealth. Therefore, lower lending rates could induce firms to use more loans from banks and issue fewer additional shares with a view to reducing the cost of capital while minimizing the chances of diluting existing shares. Thus, lower lending rates are expected to translate into rising stock market returns (Kganyago & Gumbo, 2015) . On the other hand, high lending rates might force firms to issue more shares in order to raise investment finances. This could in turn drive down share prices and lead to a decline in stock market returns. Rising lending rates could also increase interest expenses and reduce cash flows and stock market returns.
The importance of a clear understanding of the stochastic properties of stock market returns, 3-month Treasury Bills rate, lending rate and the respective cointegrating residuals can therefore not be over-emphasized. However, literature on the stochastic properties of these individual variables remains mixed and inconclusive. For instance, most studies employ standard unit root tests and either conclude that stock market returns and the 3-month Treasury Bills rate are stationary in levels (Kganyago & Gumbo, 2015; Ouma & Muriu, 2014) or that the 3-month Treasury Bills rate is nonstationary in level while stock market returns are stationary (Kirui, Wawire, & Onono, 2014) in level form. Equally, other studies establish that the 3-month Treasury Bills rate and stock market returns are nostationary in level form (Pal & Mittal, 2011) . In contrast, Anoruo and Gil-Alana (2011) demonstrate that stock market returns possess long memory while Caparole and Gila-Alana (2010) reveal that the 3-month Treasury Bills rate and lending rate have non-integer orders of integration greater than 1.
Additionally, most studies presume that interest rate and stock market returns are cointegrated in the conventional form such that deviations from long run equilibrium are eroded rapidly. This does not need to be the case since cointegrating residuals themselves might be long memory processes (Cheung, 2007; Caporin, Ronaldo, & Santucci de Magistris, 2011) . Furthermore, despite the evidence that stock market returns, the 3-month Treasury Bills rate and lending rate in Kenya have non-integer orders of integration (Anoruo & Gil-Alana, 2011; Caparole & Gil-Alana, 2010) , no study has examined the possibility of fractional cointegration between the variables. The main objective of this study was to examine the relationship between interest rate and stock market returns within the context of an Auto-Regressive Fractionally Integrated Moving Average (ARFIMA) framework.
Consistent with the research problem, this study sought to address the following research questions: First, to what extent do stock market returns evolve over time through non-integer orders of integration in Kenya? Second, to what extent do interest rates evolve over time through non-integer orders of integration in Kenya? Finally, to what degree do the cointegrating residuals between interest rate and stock market returns evolve over time through non-integer orders of integration in Kenya?
The rest of the paper is organized as follows. Section 2 provides a brief literature review while section 3 outlines the adopted research methodology. Section 4 discusses the data and sources. The empirical results and their discussion are presented in section 5 while section 6 concludes.
Literature Review
Several theories have been used to explain the relationship between interest rate and stock market returns. For instance, Modern Portfolio Theory (MPT) by Markowitz (1959) states that the returns of a financial asset are only influenced by systematic or market risk. The theory asserts that the market risk is highly correlated across securities and includes macroeconomic variables such as interest rate, inflation rate and exchange rate. However, the MPT does not indicate how to measure risk as well as how risk is related to expected or required returns. Sharpe (1964) and Lintner (1965) addressed this limitation of the MPT by introducing the Capital Asset Pricing Model (CAPM). This model asserts that risk is positively related to required returns of an asset through a model represented as: Copeland, Koller and Murrin (1994) and Damadoran (1998) . Therefore assuming that stocks are efficiently priced, the value of a stock should equal its price such that:
where t NR is the stock market return today, t FCFE is the free-cash-flow-to-equity at time t and measures the amount of cash flows generated in period t which is available for distribution to common shareholders.
Clearly, the FCFE model demonstrates that a rise in the risk free rate increases the denominator and results into declining stock market returns. Hence, using the Treasury Bills rate as a proxy for risk free rate, an increase in the Treasury Bills rate should translate into declining stock market returns. Additionally, assuming that firms listed at a stock market can finance their investments through commercial bank loans (debt financing), rising lending rates are expected to increase interest expenses on loans and reduce investments, including future cash flows.
Thus while CAPM suggests that stock market returns are positively related to interest rate risk (captured by beta) such that assets with high risks are associated with high returns, the FCFE demonstrates that interest rate is negatively related to stock market returns.
Equally, empirical literature on the stationarity of interest rate and stock market returns remains controversial. This is because while some authors concluded that the two variables were nonstationary in their level form (Erita, 2014; Gohar, Zaman, & Baloch, 2014; Pal & Mittal, 2011) , others asserted that stock market returns were stationary in level form (Amarasinghe, 2015; Kirui et al., 2014) whereas interest rates were nonstationary in levels (Amarasinghe, 2015; Gohar et al., 2014) . Some authors also concluded that stock market returns and interest rate were both stationary in level form (Ouma & Muriu, 2014) .
These studies however appear to have assumed that stock market returns and interest rates individually evolve over time only through integer orders of integration. This has however been challenged by studies which established that stock market returns, 3-month Treasury Bills rate and lending rate had non-integer orders of integration (Anoruo & Gila-Alana, 2011; Caparole & Gila-Alana, 2010 ). In particular, using Whittle estimator, Robinson (1995) and data from Kenya over the period 1991: 07-2009:03, Caparole and Gil-Alana (2010) established that lending rate, 3-month Treasury Bills rate and deposit rate had orders of integration greater than 1, suggesting long memory with no mean reversion. Likewise, using Robinson (1994) and monthly data from Kenya over the period 1993 , Anoruo and Gila-Alana (2011 found that the NSE 20 Share Index returns had a non-integer order of integration greater than 1.
Similarly, previous results based on long run relationship as well as on the direction of causality assumed that the cointegrating residual needed to be stationary in the strictest sense. Such studies therefore adopted only standard cointegration and Granger causality frameworks. This however is not a necessary condition (Cheung, 2007; Caporin et al., 2011) since the cointegrating residuals themselves could be long memory processes. For instance, Jawaid and Anwar (2012) employed the error correction model (ECM) on monthly short term interest rate and banking sector stock returns from Pakistan over the period 2004:01-2010:12. The authors concluded that a significant negative short-run relationship existed between the short term interest rates and stock market returns. This provided support for the predictions of the Free Cash Flow to Equity model (Copeland et al., 1994; Damadoran, 1998) . It also implied that rising interest rate could depress the performance of the stock market either by reducing the uptake of credit and constraining investments or by shifting investments from stocks to more profitable bank deposits or fixed income securities. On the other hand, Gohar et al. (2014) established, through ECM, that a significant short run and long run relationship existed between interest rate and stock market returns in Pakistan but failed to establish any form of causality between the two variables. This suggested that though the variables moved together in the long run, fundamentals that drove them were different such that past values of one variable did not contain predictive information for the future values of the other.
However, interestingly, using VECM, Kganyago and Gumbo (2015) found a short run causality from stock market returns to interest rates, but a long run causality from interest rate to stock returns in Zimbabwe. This suggested that whereas developments in the stock market had implications for the money market in the short run, the events in the money market significantly influenced the developments in the country's stock market in the ijef.ccsenet.org In summary therefore, there is no unanimity within the theoretical as well as empirical literature on the relationship between interest rate and stock market returns. Furthermore, despite the evidence that stock market returns, 3-month Treasury Bills rate and lending rate in Kenya possess long memory (Anoruo & Gil-Alana, 2011; Caparole & Gil-Alana, 2010) , no study has examined the possible existence of a fractional cointegration between stock market returns and each of the measures of interest rate in Kenya.
Empirical Models

Univariate ARFIMA Models: Fractional Integration
This study followed Anoruo and Gila-Alana (2011) and adopted an ARFIMA model to determine the integration orders of stock market returns and each of the measures of interest rate namely; the 3-month Treasury Bills rate and the commercial banks' weighted average lending rate. However, while Anoruo and Gila-Alana (2011) 
is the fractionally differenced commercial banks' weighted average lending rate.
Bivariate ARFIMA Models: Fractional Cointegration
The study hypothesized that the 3-month Treasury Bills rate, lending rate and stock market returns might be fractionally integrated variables. Therefore, following Cheung (2007) , it fitted the following univariate ARFIMA models on the respective cointegrating residuals to investigate presence of a bivariate fractional cointegration between each measure of interest rate and stock market returns: Presence of cointegration suggests that there must be causality at least in one direction (Engle & Granger, 1987) . This study therefore examined existence of causality between the variables using both first and fractionally differenced data.
Granger Causality Using First Differenced Data
To investigate presence of short run as well as the long run causal effects between the two measures of interest rate and stock market returns, this study estimated the following standard Granger causality models (Engle & Granger, 1987 Ho   . The optimal lag lengths were determined from the models with lowest AIC.
Granger Causality Using Fractionally Differenced Data
Majority of the economic and financial time series such as stock market returns and interest rate are neither nonstationary in levels nor stationary in first difference (Teyssiere & Kirman, 2007) . This study therefore extended the concept of Granger causality to the more general and flexible fractionally integrated error correction model (FIECM). This is because the cointegrating residuals themselves might have non-integer orders of integration (Cheung, 2007; Caporin et al., 2011) . It employed the following Granger causality models:
( (1 )
(1 ) (1 ) ... (11) (1 ) (1 ) (1 ) Ho   in equations 10 and 11 respectively. The optimal lag lengths were chosen from models with the lowest AIC.
Data and Sources
This study used monthly published time series data with the full sample period from 1 st January 1993 to 31 st December 2015 which yielded a total of 276 observations. The variables comprised monthly NSE 20 Share index drawn from Nairobi Securities Exchange (NSE) as well as the 3-month Treasury Bills rate and lending rate obtained from the Central Bank of Kenya (CBK). Table 1 provides the description and measurement of the variables. The commercial banks' monthly weighted average lending rate. The amount that a lender charges a borrower in order to make a loan. Table 2 reveals that the mean values of all the variables are positive with the mean of lending rate being much higher than that of the 3-month Treasury Bills rate while that of stock market returns is the lowest. This suggests that higher values of both measures of interest rate could have depressed the performance of the stock market. Furthermore, the 3-month Treasury Bills rate and stock market returns recorded excess positive kurtosis (since the kurtosis of the variables exceed the normal value of 3), suggesting that they individually posed lesser risk of extreme outcomes. Additionally, all the variables had positive skewness which implies that their actual values were likely to deviate further upwards from their mean values.
Empirical Results and Discussion
Descriptive Statistics
Furthermore, the wide range in the 3-month Treasury Bills rate (see maximum of 84.67 versus minimum of 0.83) suggests that demand for the government short term debt instrument might have increased significantly over the period. However, the low mean coupled with the large negative minimum (see minimum of -25.67) suggests that demand for the stock market returns might have significantly decreased over the period. The two developments suggest that most investors might have shifted from the stock market to the 3-month Treasury Bills over the period.
Univariate ARFIMA Analyses: Fractional Integration
This study empirically estimated the integration orders of stock market returns, the 3-month Treasury Bills rate, and lending rate. It fitted ARFIMA (p, d, q) model, ranging from ARFIMA (0, d, 0) to ARFIMA (3, d, 3) to each of the variables and obtained sixteen competing models. It then chose the models with both significant AR and MA components, no autocorrelation in residuals and lowest AIC out of the sixteen competing models to represent each of the time series. Table 3 presents results of the chosen models for stock market returns, 3-month Treasury Bills rate and lending rate which are described by equations 3, 4 and 5. Note. The long memory estimates were analysed at the 5% significance level (Gil-Alana, 2001 Table 3 reveals that the appropriate models for the individual variables include the AR and MA components. On average, higher order models or models with AR and MA parts of order 2 and above seem to be more suitable for modelling the variables except the model for lending rate which has a lower order for the AR part. Moreover, there is no model where the white noise specification of the short memory components or ARMA (0, 0) is preferred.
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The results also reveal that the estimated values of d parameter range from 0.231 to 0.404 (implying stationary long memory) and that none of the variables had short memory   . .,
. i e d 
This suggests that all the variables, though exhibiting different levels of persistence, returned to their equilibrium values after experiencing a shock. It further demonstrates that expected future increments or declines in the individual variables were predictable, giving speculators an opportunity to consistently make profits with no input of funds.
Furthermore, the results indicate that lending rate was the most persistent but reverted back to its pre-shock level albeit at the lowest rate. On the other hand, the positive sign of the d parameters for all the variables suggests that increases in each of them were followed by increases whereas decreases triggered further decreases. Moreover, all the d parameters were significantly different from 0 and 1, based on the hypotheses tests. This confirms that the individual variables were indeed long memory processes. The results, however, contradict Anoruo and Gil-Alana (2011) who concluded that the NSE 20 Share index returns had an integer order of integration greater than 1, implying no mean reversion. This difference might be attributed to the fact that while Anoruo and Gil-Alana (2011) used Robinson (1994) test, this study employed the more superior EML procedure to estimate the integration orders (Dalhaus, 2006; Miller & Miller, 2003) .
Bivariate ARFIMA Analysis: Fractional Cointegration
This study also investigated whether the cointegrating residuals between each of the measures of interest rate and stock returns were long memory processes. To do this, it fitted ARFIMA models to the respective cointegrating residuals (see equations 6 and 7) to determine whether each of them had an integration order lower than the integration orders of the parent time series (Cheung, 2007) . Table 4 presents the results, including the hypotheses tests. Table 4 demonstrates that both cointegrating residuals are stationary long memory processes. Besides, the d parameters of the cointegrating residuals are each less than the absolute values of the d parameters associated with the respective parent time series (refer to Table 3 ). This means that despite the different non-integer orders of integration of the individual variables, a stable linear combination with a lower order of non-integer integration does exist between the variables. Consequently, this study concluded that stock market returns are fractionally cointegrated with each of the measures of interest rate in Kenya (Caporin et al., 2011; Cheung, 2007) .
These results suggest that active policy intervention is required to induce faster adjustment to long run equilibrium should external shocks drive stock market returns away from each of the measures of interest rate. Furthermore, existence of cointegration between variables implies that there should be a causal relationship in at least one direction (Engle & Granger, 1987) . To test this, the study employed the conventional ECM as well as a Fractionally Integrated Error Correction Model (FIECM).
Results of Granger Causality Tests using First and Fractionally Differenced Variables
The study estimated error correction models represented by equations 8 and 9 to determine presence of conventional causality between the two measures of interest rate and stock market returns. It also estimated the fractionally integrated error correction models (FIECM) given by equations 10 and 11 to test for existence of fractional Granger causality between each of the two measures of interest rate and stock market returns. Table 5 provides a summary of the results from the ECM and FIECM-based Granger causality tests. More detailed results are contained in Table 6. ijef.ccsenet.org International Journal of Economics and Finance Vol. 9, No. 8; 47 The results demonstrate that based on the ECM, a significant unidirectional long run Granger causality runs from the 3-month Treasury Bills rate as well as lending rate to stock market returns. The results specifically reveal that the 3-month Treasury Bills rate as well as lending rate negatively Granger caused stock market returns in the long run (see coefficient of lagged first difference of 3t TB and t Lr in Table 6 ). This suggests that in the long run, investors in Kenya consider the short term government debt instrument as a competing investment vehicle such that when the rate rises, they reallocate more funds to the portfolio of the 3-month Treasury Bills and less to stocks. Likewise, the negative long run causal effect from lending rate to stock market returns suggests that when banks increase the cost of capital, individual investors and firms reduce the uptake of investment finances. This reduces expansion of existing investments as well as the initiation of new investments and leads to declining cash flows and stock market returns. These results are consistent with those established by Ado and Sunzuoye (2013) and Amarasinghe (2015) . However, the results contradict those by Erita (2014) and Chirchir (2014) who found bidirectional long run Granger causality between the two variables in Namibia and Kenya respectively. However, the ECM tests failed to establish any short run causality between either of the measures of interest rate and stock market returns (see Table 6 ). This suggests that the Kenyan government can implement interest rate management policies without adverse effects on the stock market in the short run. In direct contrast, the FIECM results reveal a negative unidirectional Granger causality from the stock market returns to the 3-month Treasury Bills rate and lending rate. This suggests that an increase in past values of stock market returns has predictive power on the future values of the 3-month Treasury Bills rate and lending rate. Therefore, the ECM and FIECM results indicate that the relationship between interest rate and stock market returns might be more complex than has been demonstrated by existing literature. 
Conclusion
The purpose of this study was to establish the relationship between interest rate and stock market returns in Kenya, and to examine the long memory properties of the individual time series and their cointegrating residuals. The ARFIMA-based exact maximum likelihood (EML) approach was used to empirically determine the integration orders of the individual variables and that of the cointegrating residuals. The study also conducted conventional Granger causality as well as ARFIMA-based Granger causality tests to examine causal relationships between the measures of interest rate and stock market returns in a bivariate framework.
The ARFIMA-based EML test results provide support for long memory in all the individual variables and the cointegrating residuals. This suggests that arbitrageurs can consistently earn higher-than-average returns from the Kenyan stock market. This is because the future trends of stock market returns are highly predictable. On the other hand, the presence of long memory in the cointegrating residuals suggests that whenever each of the measures of interest rate is driven away from stock market returns, it takes longer for the pre-shock long run equilibrium to be restored. This might lead to the establishment of a new and harmful equilibrium level in the absence of active policy intervention.
The presence of long memory property in the individual variables as well as in the cointegrating residuals also indicates that investors, policymakers and financial practitioners need to be extra cautious while applying the standard statistical inferences and asset pricing models such as Capital Asset Pricing Model (CAPM). This is because these analytical procedures are based on the assumptions that the variables have normal distributions and short memory.
The results of this study also suggest that the Kenyan government needs to work closely with the Capital Markets Authority (CMA) and other regulators to improve the performance of the stock market. This is because this study established that a thriving stock market plays a significant role in enhancing macroeconomic stability.
